A physically based one-dimensional shape memory alloy (SMA) model is implemented into the finite element software ABAQUS via a user interface. Linearization of the SMA constitutive law together with complete transformation kinetics is performed and tabulated for implementation. Robust rules for transformation zones of the phase diagram are implemented and a new strategy for overlapping transformation zones is developed. The iteration algorithm, switching point updates and solution strategies are developed and are presented in detail. The code is validated via baseline simulations including the shape memory effect and pseudoelasticity and then further tested with complex loading paths. A hybrid composite with self-healing function is then simulated using the developed code. The example demonstrates the usefulness of the methods for the design and simulation of materials or structures actuated by SMA wires or ribbons.
Introduction
Shape memory alloys (SMAs) have been widely used in many applications and they are being increasingly investigated for advanced active control materials and systems. SMAs are a class of metals named for their ability to recover a particular shape in two unique ways. The 'shape memory effect' allows the recovery of an inelastic deformation by heating. Meanwhile, the 'superelastic effect' allows immediate recovery upon load removal for deformations that are larger than possible with normal elasticity. This behavior is enabled by a reversible thermoelastic phase transformation in the material that is controlled by temperature and stress levels [1, 2] . Austenite (A), the high-symmetry parent phase which exists at high temperature, transforms to selfaccommodated (sometimes called 'twinned') martensite (M t ), 3 Present address: General Motors Research and Development, Warren, MI 48090, USA. 4 Contributed equally as first author. 5 Author to whom any correspondence should be addressed.
a low-symmetry product phase, upon cooling with no applied load. Loading applied to either austenite or self-accommodated martensite at the corresponding temperature range results in 'oriented' (or 'detwinned') martensite (M o ) with a macroscopic strain in the direction determined by the applied load. Heating martensite causes a reverse transformation to austenite, resulting in the recovery of any orientation strain. The temperatures at which the transformations occur at zero load are generally referred to as M f , M s , A s , A f , where 'M' and ' A' are the phase and 'f' and 's' refer to the 'finish' and 'start' temperatures for the given transformation.
Since shape memory alloys have many unique properties, a number of constitutive laws have been developed to capture the mechanical behavior of the SMA response.
Most early models were one-dimensional (1D), phenomenological approaches, including the models by Tanaka et al [3] , Boyd and Lagoudas [4] and Brinson [5, 6] . Subsequently, researchers have extended the 1D models in various ways; for example, Sittner et al [7] and Briggs and Ostrowski [8] have paid special attention to hysteresis in thermal cycling. Additionally, many three-dimensional (3D) models have been developed for shape memory materials, including the models by Qidwai and Lagoudas [9] , Juhasz et al [10] , Gao et al [11] , Boyd and Lagoudas [12] , Brocca et al [13] , Bouvet et al [14] , and Panico and Brinson [15] . However, most current 3D models are either not accurate enough to model all aspects of complicated shape memory behavior or too computationally intensive to be used easily for large-scale applications. At the same time, a 1D model is sufficient to characterize the mechanical response of certain structures such as wires and ribbons which compose the majority of SMAs used in applications. In addition, since it is not necessary for a 1D model to consider all possible martensite variants explicitly, these models have much simpler analytic forms and are much more efficient to use in numerical simulations. Therefore, using a unified 1D model to represent SMA wires in structures, many useful applications can be analyzed and optimized with a finite element technique.
Currently, most of the existing numeric implementations of 1D shape memory alloy material models focus on specific structure or mechanical response. Birman et al applied the Tanaka model in a study of local stresses in composite material systems reinforced with NiTi wires [16] . Lee and Lee used the Liang and Rogers model to examine the thermal buckling and post-buckling behavior of laminated composite shells with SMA wires [17] . Shu et al implemented the Boyd and Lagoudas model in their study of a flexible beam with SMA wires [18] . Sun et al investigated the thermomechanical deformation of an SMA wire reinforced elastic beam based on the Brinson model [19] . In each of these cases, the SMA constitutive law was implemented in an ad hoc manner only for the specific application of study. Very few works have illustrated the implementation of an SMA model into the finite element method for general analysis. Brinson and Lammering described a nonlinear 1D finite element procedure for truss elements to analyze the behavior of shape memory alloys [20] . In another study [21] , Auricchio and Sacco presented the finite element formulation of a 1D shape memory alloy constitutive model, which was implemented as a small-deformation beam finite element. While both of these can be considered general analysis methods, in both cases the transformation kinetics incorporated into the implementations was not rigorous and applies only for simple loading cases.
Additionally, in most of the popular commercial finite element analysis software, there is no rigorous shape memory alloy material type integrated in the packages. While a few do have a material type entitled 'shape memory alloy', these are very simplistic implementations which do not have the capability to fully characterize the complex material behavior of shape memory alloys under general thermomechanical loading conditions. For example, MAT 030 of LS-DYNA can only simulate superelastic response of shape memory alloys [22] . ABAQUS also provides a UMAT subroutine (user material) to reproduce simple superelastic behavior of alloys such as nitinol, Similarly, ANSYS includes a superelastic nitinol model. Although Terriault et al [23] have implemented a bilinear model as a user programmed material model into ANSYS which allows representation of both mechanical and thermal hysteresis in one dimension, the bilinear model is a coarse approximation, accurate only for simple pseudoelasticity without the ability to handle more complex loading paths. Since many powerful applications of SMAs include reorientation effects, partial transformations and cyclic loading, such simplistic models will not serve adequately for material representation or design. Therefore, in this paper we utilize the kinetics developed by Bekker and Brinson [24] , extend them to cover the entire phase diagram, and implement the SMA constitutive law and kinetics into finite elements. The kinetic algorithms developed by Bekker and Brinson [24] are mathematically rigorous and proved to be robust under considerably complex loading paths. We implement the modified model into the general purpose finite element analysis software ABAQUS via a user interface to combine its powerful finite element analysis capability with the rigorous representation of SMA phase transformation and reorientation. With the resulting code we can conduct numerical analysis of smart structures using SMA wires or ribbons as actuation elements.
This paper is organized as follows. First, the 1D SMA constitutive law and transformation kinetics are reviewed and a consistent solution strategy for overlapping transformation zones is proposed. Then the linearization of the SMA constitutive law together with the transformation kinetics is performed and tabulated, including the residual vector. The implementation of the model into ABAQUS is described. The iteration algorithm, switching point updates and solution acceptance strategies of the subroutine itself are all given in detail. Finally, the developed code is used to duplicate baseline simulation results as well as to simulate the complex behavior of composites embedded with SMA wires or ribbons.
SMA constitutive law and transformation kinetics
SMA wires and ribbons in smart structure applications are subjected to a variety of thermal and mechanical load profiles, including cyclic loading, partial forward and reverse transformation and simultaneous changes in load and temperature. Changes in temperature and/or load are intended to actuate the SMA material to provide a crystallographic state change accompanied by strain and stress changes. In order to efficiently model and design the optimal use of SMA capability in such structures, the constitutive law and kinetics chosen must be robust and able to capture complex thermomechanical cycles. With this in mind, in this section we briefly review the constitutive model and kinetics to be implemented into ABAQUS. We also present an extension to the previously developed kinetic description to allow consistent solutions when loading paths proceed through an overlapping transformation zone.
SMA constitutive law
For this work, the 1D constitutive relations developed by Brinson [5, 6] , based on previous work by Liang and Tanaka, are utilized [3, 25] . This constitutive description is derived from a thermodynamics basis and has a relatively simple mathematical expression. An important aspect is that it includes only easily quantifiable engineering variables and material properties.
Based upon energy balance equations and work by Tanaka [3] , the constitutive law can be written as [5, 6] 
Here, the second Piola-Kirchhoff stress, S, is related to the Green strain, E, temperature, T , and martensite fraction, ξ . D(ξ ) is the Young's modulus of the material, is related to the thermal coefficient of expansion ( = −Dα, where α is the thermal coefficient of expansion and D is the modulus of the material) and ε L is the maximum residual strain for the given SMA material. T 0 is the reference temperature at which the thermal strain is defined to be zero. It is worth noting that an important feature of this model is to distinguish between the self-accommodated (twinned) and oriented (detwinned) martensite in the material. Self-accommodated martensite, ξ t , is temperature induced with no associated macroscopic strain, while oriented martensite, ξ o , has a crystal structure that has been preferentially oriented by the applied load and is accompanied by a macroscopic strain 6 . The total martensite volume fraction is composed of these two components:
The use of the two martensite internal variables allows this model to capture the full range of SMA behavior, including shape memory effect and pseudoelasticity. In general, the Young's modulus of an SMA is taken to be a function of the martensite fraction of the material. Here a simple linear function is chosen to account for this dependence.
where D m is the modulus value for the SMA as 100% martensite and D a is the modulus value for the SMA as 100% austenite. Although recent work [26] demonstrates that the apparent difference in martensite and austenite modulus may be caused by limited early transformation (prior to the stress plateaus), nevertheless a simple dependence of the modulus on phase fraction is a reasonable method to incorporate the effective material response. If the thermal strain component is neglected (since it is orders of magnitude smaller than the transformation strain under moderate temperature changes) the constitutive law is simplified further to
Transformation kinetics
The transformation kinetic equations relate the evolution of the martensite volume fraction with stress and temperature. The choice of transformation kinetics is critical to ensure robust performance of the overall constitutive response of the SMA material due to the history dependence of the material's transformation behavior. In this paper, a phase diagram based kinetic description which was rigorously derived by Bekker and Brinson is adopted [24] . This kinetic algorithm has mathematical simplicity and at the same time accurately accommodates complex thermomechanical loading paths by use of switching points to account for the material history. We describe the kinetics in some detail here and also propose an extension of the formulation to properly account for loading paths which pass through an overlapping transformation region in the phase diagram. During SMA phase transformation, one important physical quantity is the volume fraction of martensite, ξ , which is the sum of self-accommodated martensite ξ t and oriented martensite ξ o . To assist with the description of 1D SMA behavior, Cauchy stress and temperature phase diagrams have been widely used. Figure 1 7 or the plastic region, which is specifically avoided for most SMA applications and is not discussed further here. In the transformation/reorientation zones, martensite volume fraction change occurs only when the loading path has a positive projection on the normal direction vector of the transformation zones (for example n A ) such that
where τ is the tangent direction of a loading path. Also shown in figure 1 is an arbitrary loading path , with a switching point at D in the [M] zone at which the transformation 8 stops before completion due to the change in direction of the loading path. The entering point C, the ending point G and the restart point 7 It is noted that very small amounts of transformation occur in specifically oriented grains even in the dead zones, as has been demonstrated in microscopy and x-ray studies [7, 27] . However, such transformations do not add measurably to the strain and are neglected in the transformation kinetics. 8 Note that in the remainder of the paper, in general phrasing we often use the word 'transformation' to refer to either transformation or reorientation for simplicity. However, the algorithms are necessarily precise in distinguishing these two situations. Transformation occurs with a phase change from A to M (or vice versa) and is associated with an increase (decrease) in total ξ by increasing (decreasing) the ξ o value. Reorientation occurs when selfaccommodated martensite is oriented by stress and is associated with an increase in the ξ o value at the expense of the ξ t value, with no change in the total ξ value. Either reorientation or transformation can occur in zones [o], [o, t] and [M] and it is important that the algorithms appropriately reflect the distinction to allow robust material response prediction. E are also counted as switching points. These switching points are used in the kinetic algorithm to turn the transformation on and off and to incorporate the history of the material. Only the values of the variables at the most recent switching point are retained and used in the mathematical formulation, which leads to its compact form and rapid computation.
The essential aspects of the kinetic mathematical formulation are outlined here, and further details can be found in the previous paper [24] . However, the original work only explicitly addressed the transformation kinetics in the regions where the temperature is higher than M s . Thus, here, we extend the formulation to the all regions, with careful attention to the overlapping zones [ [28] , the transformation kinetics used here are more mathematically rigorous and robust under all loading conditions. Detailed discussion of the formulation for [o, t] is reserved for the next section. In this section, we first introduce the basic kinetics for all transformation/reorientation regions except for [o, t]. The martensite fraction evolution in the zones for forward and reverse transformation can be written as
where subscript j represents the switching point and f A and f M are transformation functions with values between 0 and 1. In the next section, equation (6) will be specified for ξ o and/or ξ t as appropriate for each of the transformation regions individually. A variety of transformation functions have been used to interpolate the value of ξ between zero and one, including linear, cosine and exponential functions [12, 25, [29] [30] [31] [32] . In this paper the cosine function is chosen for its mathematical simplicity in differentiation and integration and its slow and symmetric beginning and end of transformation. Thus, the transformation functions are defined as
where Z i is a distance ratio in zone i with reference to the last transformation switching point, j . Z i has values between 0 and 1 and is defined as
where ρ i is the distance from the current point to the entrance boundary of zone i . Note that by this definition ρ i = 0 at the entrance and ρ i = 1 at the exit point. ρ i j is the distance from the last transformation switching point to the boundary and ρ i 0 is the width of transformation strip. The geometric meanings of these distances are illustrated on the loading path in figure 1 .
The distance ρ i is calculated based on its definition via the dot product of the normal direction to zone i and the difference Table 1 . Entrance and exit points and normal directions for different zones.
vector between two points:
where
is used as the switching point if the material just starts transformation. Table 1 shows the entrance and exit points used in this paper and the normal directions given the slope C i in zone i . Note that the entrance and exit points of the strip used in equation (10) can be any point on the start or finish boundary, but for convenience in implementation the points in table 1 are used.
The Z -distance in equation (9) can then be calculated and written as
This Z -distance is then used in equation (6) to determine the martensite fraction evolution according to the loading path.
Analytical and numerical formulation
Brinson and Lammering [20] have provided a detailed derivation of the linearization of the weak form of momentum balance and the SMA constitutive law and its finite element formulation. It was shown the formulation differs from the standard finite element formulation for nonlinear truss members only by a factor dependent on the transformation zone, termed the H factor. However, Brinson and Lammering used a much simpler and less robust kinetic description in their work. Thus, in this section, we derive and tabulate the H factor for all the transformation zones of the kinetic model just described and give the residual vector for the finite element formulation.
To assist in implementation, three special points (groups of variables defined to store the solutions) are used: the last switching point denoted by 'swit', the last converged point denoted by 'conv' and the current estimated point denoted by 'esti'. Herein, the estimated point refers to the trial solutions in current iteration. If not specified, ε denotes the current Green strain in the rest of the paper. Also note that the Cauchy stress-temperature phase diagram is treated as a second PiolaKirchhoff stress-temperature phase diagram for simplicity; since only small displacements are involved, the error involved is negligible.
In the transformation zone [A], the material transforms to the parent phase, and consequently both ξ o and ξ t decrease. If the loading path has a projection along the normal direction n A then the estimated martensite fraction can be calculated from the fraction at the last switching point and the Z -distance of the current point (equations (6) and (7)) as
The linearization of the stress-induced martensite volume fraction becomes d dε
wherex is the current position and u is the displacement. The linearization of the temperature-induced martensite volume fraction is obtained by replacing ξ 
Therefore the linearization of the second Piola-Kirchhoff stress becomes
whereD is the estimated Young's modulus, u is the displacement vector andF is the estimated deformation gradient for a 1D truss element given below:
Hereū,v andw are the three estimated Cartesian components of the displacement vector where the 'esti' superscripts are omitted to be consistent with the notation in the literature [20] . The H 1 and H 2 factors in equation (15) are given by
(17) In the transformation zone [t] the stress-induced martensite ξ o remains unchanged, while the temperature-induced martensite ξ t increases with decreasing temperature to the maximum value 
see equation (24) 1 − ξ o . Thus, in the [t] transformation zone, the estimated martensite fractions can be written as
Note that, for ease of programming, here f A is used in all estimated martensite calculations through the relationship
A ) from equations (7) and (8) . In this case, the Z -distance in zone [t] is used directly in the expression for f
H 1 is the same as that in equation (17) and H 2 is given by
For transformation zones [M] and [o], the selfaccommodated martensite reorients and the austenite transforms to oriented martensite when the loading path has positive projection along the normal direction of each zone. Thus, the estimated martensite fraction can be written as
Upon examination, the H 2 factor can be rewritten into a uniform expression with the introduction of two parameters C i 1 and C i 1s , which are functions of the martensite fraction at the switching points and the active transformation zone as shown in table 2. Using these new parameters, the H factor in equation (15) can be written for all transformation zones (excluding the [o, t] zone) as
A significant issue that has not been addressed in previous implementations of phase diagram kinetics is the behavior in the overlapping region [o, t], which can be seen in the phase diagram in figure 1 . In this zone, physical restrictions are violated if we choose to simply apply the kinetics of one of the different regions discussed above. For example, if we assume that the overlapping region is only part of region [o] , only stress-induced transformation (orientation,ξ o 0) is allowed; consequently, a loading history like path 1 shown in figure 2 will cause unrealistic results. Since only stressinduced transformation could occur, the decreasing stress will not change the martensite fraction of the material. Thus, the total martensite fraction of SMA would be less than one even as the temperature decreases below M f , which obviously contradicts the physical response of SMAs. Similarly, it is also problematic to treat the overlapping region as part of region [t] . Under this assumption, in path 2 in figure 2 , the material may enter the region [M o ] with retained self-accommodated martensite (ξ t > 0), because the oriented martensite fraction in the material will not change if we apply the kinetics in region [t] as shown in equation (18) . Therefore, we must allow both stress-induced and temperature-induced transformations to occur in the overlapping region simultaneously. Since only kinetics for a single transformation were discussed in the earlier work [24] , it is necessary for us to extend the kinetics to address the phase transformation in the overlapping region [o, t]. The following statements must be satisfied by the extended kinetics:
(1) The total martensite fraction must be equal to or less than one. , we split the procedure into two parts to calculate the martensite fractions. Since stress can alter the self-accommodated martensite, ξ t , while temperature decrease does not affect the oriented martensite, ξ o , we first calculate the martensite fraction induced by temperature based on equation (18), so we have a pair of updated martensite fractions; then we use equation (20) 
These equations can be utilized to calculate the martensite fraction when a loading path has components in both n o and n t directions, such as path 2 in figure 2 . The linearization of the above equation can be performed and incorporated into the H factor:
In the implementation, the projection of the loading path is estimated before computation to determine which kinetics ((a) or (b)) to apply in the overlapping region [o, t].
In the finite element formulation of Brinson and Lammering's work [20] , the nonlinear element stiffness matrix for shape memory alloy material behavior was derived. However, no formulation for the residual vector or the right-hand side vector was given. As a complement, the residual vector for a 1D truss element is given below, using equation (16) .
where S is the 1D second Piola-Kirchhoff stress and A and l are the cross-sectional area and the length of the truss member respectively. The matrix B is a 3 × 6 matrix containing the derivatives of the shape functions, and readers are referred to the original paper for the exact form.
Model implementation using ABAQUS' user element interface
The constitutive and kinetic laws described above were implemented in the general finite element software, ABAQUS. ABAQUS was chosen due to the existence and flexibility of its user element interface. To have a user subroutine which can be versatile and robust to apply in composites/structures analysis, several important issues were addressed in the implementation: (a) Since even uniaxial embedded SMA wires intended to be used only in tension only may experience small compressive loading due to load transfer from the matrix, an extended phase diagram to consistently allow compressive stresses in the SMA wires is implemented to enable robust application of this user subroutine. (b) ABAQUS (as most other finite element packages) passes displacement and temperature increments to the subroutine and requires element stiffness matrix and residual vector. This leads to iteration of the SMA subroutine since the stress is unknown. Due to the nonlinearity of the SMA constitutive law and transformation kinetics this iteration to convergence is time-consuming. Thus, a proper iteration algorithm is necessary to improve the convergence rate. (c) SMA constitutive and kinetic laws are history dependent; therefore, the subroutine was programmed to maintain and track the switching points to enable proper calculation of the phase transformation kinetics. 
.).
In the following sections, the points above are further discussed to explain our implementation.
Extension to limited compressive phase diagram
Uniaxial SMA wires embedded in composites or uniaxial SMA elements with relatively larger cross-sectional area can undergo compression and even experience transformation under compressive loading.
Different researchers have proposed fully extended phase diagrams and constitutive laws for the compressive behavior of SMAs [21, 33, 34] . Although the constitutive law used here is intended and validated only for tensile stress, it is extended for limited compressive stress together with the extended phase diagram shown in figure 3 . In order to handle such small excursions into the compressive regime that may occur in more complex structures even when the SMA elements are intended to be loaded only in tension, this extension is essential in the numerical implementation.
In figure 3 , the vertical boundaries for the [t] zone are extended naturally into the compressive region. Instead of a mirrored [A] zone in the compressive region [34] , the boundaries of the [A] zone are extended with vertical boundaries. This vertical extension of [A] offers simplicity in implementation and easier convergence for the limited range of compressive stresses intended. Additionally, a reduced Young's modulus can also be used during compression to account for buckling. These measures allow simulations to experience small excursions into compression of the SMA component. For applications in which compression is significant, more detailed extension as in [21, 33, 34] would need to be implemented.
Iteration algorithm
Given the temperature and strain by ABAQUS, the user subroutine needs to iterate to a solution for the stress. Due to strongly nonlinear constitutive and transformation laws and geometry, a binary search algorithm is used to iterate to solution. The following steps are implemented into the user subroutine for this iteration: figure 3 , iterative analysis is needed to calculate the martensite fractions and the stress.
In this implementation, a binary search is performed to solve the nonlinear equations (15) and (22) . Although some other algorithms like a Newton algorithm have a faster convergence rate, the linear convergence rate of the binary search is sufficient and convenient for the current computation. Once a solution is found within the tolerance based on the accuracy requirement, the solution is accepted and returned to ABAQUS. Another possible situation is that the subroutine is unable to find a convergent solution because the current increment is too large. Under such circumstances, the subroutine informs ABAQUS to reduce the increment and redo this procedure from step (i).
It is worth noting that the solution even within the tolerance is not accepted by the subroutine if we find the loading path may not be unique. For example, if the loading path involves an active transformation but crosses the entire zone within one step, like R → U in figure 3 , the solution will be rejected and the increment will be reduced. Table 3 . Material properties for the nitinol alloy used in the examples (Burton et al [37] , original data from Dye [38] ; Liang [39] ; Liang and Roger [25] 
Switching point updates and information tracking
The switching point is introduced to incorporate the history of the SMA material in the transformation kinetics; thus, tracking those points is essential for the proper calculation of martensite fractions. In this implementation, the switching point information is recorded as variables and carefully updated after an estimated solution is accepted by ABAQUS. The updating strategy follows the definition of switching points in [24] : only boundary points and the points where the projection of loading path on transformation zone vectors changes sign are recorded as switching points. In this extended implementation it is also important to note that, in the overlapping zone [o, t], there are two normal direction vectors of transformation zone, n t and n o . Thus, the switching point is updated when either vector product, τ · n t or τ · n o , changes sign. Since the user subroutine is a small part of ABAQUS and only accounts for the mechanical behavior of the SMA material during the calculation, much of the finite element analysis procedure is invisible to the subroutine. Therefore, the solution proposed by the subroutine may be rejected by ABAQUS due to reasons other than the SMA elements. In the implementation, a set of variables was introduced to store the converged values computed by the subroutine so the calculation can step back when it is necessary.
Results and discussion
In this study, the user subroutine discussed above was used with ABAQUS to simulate the baseline behavior of SMA elements as well as applied to composites embedded with SMA wires or ribbons. The baseline simulations verify the ability of the code to capture the necessary fundamental SMA effects as well as to capture cyclic or partial transformation loading paths. The application examples provide an indication of how the code can be used in design-based simulations and illustrate important features such as the ability to start with pre-strained martensite or accommodate complex loading paths. The examples given here were calculated using ABAQUS Standard 6.4 and the parameters used are from existing experimental data (table 3) . It should be noted that the constitutive model does not attempt to capture the few initial cycles common to stabilize SMA parameters [35, 36] and thus the material properties used should be stabilized values.
Baseline stress-strain curves for both shape memory and superelastic effects
In order to perform the most basic test on the finite element code developed and in order to present a basis for the subsequent applications of SMAs, two simple uniaxial tensile tests illustrating the thermomechanical response of SMAs were performed: the pseudoelastic effect at high temperature (T = 50
• C > A f ) and the shape memory effect at low temperature (T = −10
• C < M f ). The results are also compared with experimental data from Liang [39] .
The stress-strain response and martensite fraction evolution for high temperature (above A f ) are shown in figure 4 . Initially, the stress-induced martensite variable is zero and the material loads elastically; then the austenite transforms to oriented martensite with stress increasing slowly until all the austenite is converted to oriented martensite (ξ o = 1); the inverse transformation happens during the unloading procedure. The shape memory effect is demonstrated in figure 5 : the material shows elastic behavior while the load remains below the critical stress, after which the self-accommodated martensite transforms to oriented martensite. Unloading results in only elastic recovery leaving a residual strain. To complete the shape memory effect, the material is heated to a temperature above the austenite finish temperature at zero stress; during this stage, the residual strain is recovered. Figure 5(b) shows the change of martensite fraction during the complete procedure: the initial material is fully self-accommodated martensite, with conversion to oriented martensite during loading (the [o] shaded region). As the temperature is raised above the austenite start temperature, the oriented martensite begins to transform to austenite (the [A] shaded region). During the cooling stage, the material returns to self-accommodated martensite (the [t] shaded region). From this example, we can see that the thermomechanical behavior of shape memory alloys is clearly and accurately described by maintaining two martensite internal variables: oriented, ξ o , and self-accommodated, ξ t , martensite.
SMA behavior under cyclic loading
Cyclic loading was applied to this finite element procedure to show the robustness of this code under the types of cyclic loading experienced by many SMA elements in actuation applications. The loading paths of two examples 9 are shown in figure 6 . In the first example, the temperature is cycled under constant stress (σ = 2. 
. .).
Note that the material was initially 100% oriented martensite before beginning the simulation. The result is depicted in figure 7 , where transformation regions are indicated by the shaded areas. For the first few cycles, the inner loops drift slightly, but they converge to a limit cycle after several cycles. The outmost loop shows the envelope function for complete forward and reverse transformation.
The second example shows the SMA behavior subjected to isothermal stress cycling with gradually diminishing range of stress, shown as B i · · · B 2n+1 in figure 6 (T = 56.5
• C). As the number of cycle increases, the stress range decreases to the stress levels at the entrances to the [M] and [A] strips. Figure 8 shows the stress-induced martensite fraction response versus the stress, which again converges to a limit cycle. Similar cycling to limit cycles has been observed experimentally and in kinetic modeling [24, 30, 35] , and the ability to capture this response demonstrates the capabilities of the kinetic mathematical description and its numeric implementation.
Restrained recovery
In this case, a material with prestrain is constrained to maintain the initial constant strain level as the temperature increased. As shown in figure 9 , a material with initial self-accommodated martensite is first loaded to 6.5% strain (A to C), and then is constrained to maintain the deformation as the temperature is raised through A s (C to D). Because the material is restrained as the inverse transformation to austenite occurs (D to E), and if unrestrained the material would recover the residual strain, extremely large internal stresses are incurred. It is clearly shown in figure 9 that the internal stress increases quickly during transformation to austenite upon heating. When this material is cooled, the stress decreases rapidly in the region of the austenite to martensite transformation (F to G). Figure 9 also shows the change of martensite fraction corresponding to the temperature. It is worth noting here that when the temperature decreases below M s through the [o, t] zone, the oriented martensite fraction does not change since the vector product of the loading path direction with n o is less than zero (equation (5)); however, since the vector product of the loading path direction with n t is greater than zero, the selfaccommodated martensite increases until the total martensite fraction reaches one. Comparing the upper and lower plots in figure 9 (a), the corresponding relation between the switching points can be clearly observed. From this plot, we can see that the stress level upon cooling is not identical to the initial stress, though subsequent cycling results in an attractor loop similar to those in figure 7. This stress difference between points C and H illustrates the history dependence of the SMA response and arises in this first cycle due to the longer traversal of the [M] strip during cooling. While the strain is constant in the specimen after point C and the oriented martensite fraction nearly identical before and after the temperature cycle, the stress at low temperature associated with that oriented phase fraction is not unique and depends explicitly upon the thermomechanical loading history.
Self-healing SMA composite
One of the established uses of this user element (UEL) code is to simulate the behavior of shape memory alloy wires embedded in a composite. SMA wires in a composite can be used for actuation such as shape control, altering eigenmodes by creating internal stresses, or even for selfhealing by crack closing. Here we show a brief demonstration of the UEL employed in the latter example. The motivation of this simulation is to assist the design of self-healing composites using shape memory alloys. A prototype of this kind of material has been demonstrated by the Olson group at Northwestern University [40] . In the prototype, the matrix is brittle and several SMA wires are embedded unidirectionally in the matrix. During the loading process, the matrix fractures, and the wires undergo a martensitic phase transformation and bridge the crack as it propagates. When the composite is heated above the reversion temperature of SMA wires, a clamping force applied by the wires due to the phase transformation pulls the crack faces together and provides crack closure. Upon further heating, the matrix material partially melts, providing crack welding, and the crack is healed. Similar to an earlier work [37] , a finite element model was constructed consisting of a brittle metal matrix and five parallel and evenly spaced SMA wires ( figure 10 ). The matrix is modeled with linear plane strain elements and the material properties are similar to those used in a prototype composite (see [37] ). The NiTi wires are modeled with user-defined two-node truss elements (properties from table 3) with the UEL code developed here applied to capture the behavior. To guarantee full crack closure, the embedded wires need to be pre-strained to contain some oriented martensite. Thus, in this simulation the wires have an initial oriented martensite fraction of 0.40. As the bonding between SMA wire and matrix material was very weak, wire elements were not bonded in the simulation and were fixed to the matrix only at the outside edges. This model is loaded in the direction of the fibers and a crack is allowed to propagate along a line perpendicular to wires. During the loading process, the crack propagates when the stress at the crack tip reaches the prescribed failure stress. The SMA wires accommodate the elongation by the phase transformation from austenite or self-accommodated martensite to oriented martensite and bridge the crack. When the entire model is heated, the reverse transformation from martensite to austenite occurs in the wires, which causes the wires to shorten and pull the fractured matrix halves back together. Figure 11 shows contour plots of von Mises stresses near the crack tip at different stages after crack propagation begins in the composite. Figure 12 illustrates the loading path for the composite overlaid on the phase diagram for the SMA wires. The corresponding martensite volume fraction in wires is also shown below in the figure. Similar to the restrained recovery example, the temperature must be raised to well above the austenite finish temperature to significantly transform the SMA wires to austenite so that the wires can generate large enough internal stress to fully close the two matrix halves. Upon cooling, although the martensite fraction increases again modestly, a tensile closure stress remains in the wires to maintain crack closure. Such a finite element implementation of the SMA constitutive law in an application enables a critical design process, including examining the effects of transformation temperatures, matrix plasticity, interface effects and reloading.
The finite element of the self-healing composite can be further extended to examine the effect of interfacial bonding between the SMA and the matrix. As illustrated in figure 10(b) , two layers of interfacial elements are used surrounding the wire, and the SMA wire is also discretized into elements. The material properties of the interface elements are assigned properties identical to the matrix material initially, but decrease to a low value as the shear stress reaches a critical threshold. With this configuration, we can investigate the progress of the interfacial debonding depending on the critical shear stress and examine the stress distribution in the wires. Figure 13 is an example that shows the comparison of the stress distribution in the wire for different interfacial bonding strengths when the crack propagates through the matrix (configuration in figure 11(b) ). For this illustration, the middle wire in the matrix is selected as representative here. From this figure, we can see that tensile stress is distributed along a large region of the wire for the weak interface sample, which corresponds to a large amount of interface debonding during the loading stage and thus wire transformation. In the case of strong bonding between the fiber and the matrix, only a small part of the SMA wire sustains most of the stress as the crack passes. In fact, the large stresses in this latter case may induce plastic deformation in the SMA wire which cannot be recovered by simple heating, and thus, has no contribution to the composite healing. This simulation provides an insight into the variation of stress along the wire during the crack propagation in such composites and can help to design optimal interfacial conditions to promote crack healing. From these and other simulations, it was observed that weak interfaces were essential to provide sufficient transformation for the healing process.
Conclusion
Shape memory alloys have been widely used in many applications and they are being increasingly investigated for use in advanced active control materials and systems. Due to the prevalence of the wire or ribbon form, a 1D finite element analysis tool is an essential tool for realistic design and development of these applications. Currently only very rudimentary models are available for SMAs in existing commercial finite element software. In this paper, we have developed a user element subroutine for ABAQUS implementing a rigorous 1D shape memory alloy constitutive model. As part of the development, the kinetic law was extended to properly account for an overlapping region in the transformation phase diagram. The validity of the code is tested via baseline simulations such as shape memory effect and pseudoelasticity. Importantly, the code is based on a rigorous SMA constitutive and kinetic law and can thus handle thermomechanical loading cases that other models cannot. In particular, the appropriate tracking of self-accommodated and oriented martensite and the capture of the complete phase diagram with a consistent kinetic algorithm allows complex cyclic loading paths, partial transformations and constrained cases to be accurately modeled. The examples illustrate the validity of the code and its potential use in the design of SMA applications. For future improvements, transformation zones with non-parallel boundaries and a full compression zone should be considered. Additionally, modifications of the model to account for the establishment of two-way shape memory through thermomechanical cycling would be valuable.
